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The aim of this paper is to show the existence of metrics g, on S”, where g, is
a perturbation of the standard metric g,, for which the Yamabe problem possesses
a sequence of solutions unbounded in L*(S"). The metrics g, that we find are of
class C¥ on S" with (k<233). We also prove some new multiplicity results.
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1. INTRODUCTION

Let (M", g) be a compact Riemannian manifold of dimension n > 3 with
scalar curvature R,. The conformal deformation g’ =u*"~?g of g, where
u: M — R is a smooth positive function, has scalar curvature R, related to
R, by

g

n
—2¢, Agu+ Rgu=Ryu"+2/0=2 ¢ =2 (117

where 4, is the Laplace-Beltrami operator on (M, g); see [5]. The
Yamabe problem consists in finding some metric g’ in the conformal class
[ g] of g such that its scalar curvature R, is a constant function. Choosing
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R, =1 then the problem is equivalent to finding a solution to the equation
on M

—2¢, dgu+ Ryu=u"+2/n=2), u>0. (1)

A positive answer to the Yamabe problem has been given by T. Aubin, see
[4,5], who proved that if (M", g), n>6, is not locally conformally flat,
then the Yamabe problem has at least one solution. The locally confor-
mally flat case and dimensions n =3, 4, 5 have been handled by R. Schoen
[18]; see also [20]. For a detailed treatment of this topic see for example
the review [12]. See also [6] and [ 7] for different proofs.

In [19], R.Schoen announced the following compactness theorem,
giving a detailed proof for the locally conformally flat case.

THEOREM 1.1. Let (M, g) be a compact C* manifold not conformally
equivalent to the standard sphere. Then the set of solutions of problem (1) is
compact in C**(M).

It is a natural question to see if Theorem 1.1 can be extended to C*
metrics on manifolds of arbitrary dimension. The main purpose of our
paper is to show that this is not the case. Let g, denote the standard metric
on S”. Our main result is the following.

THEOREM 1.2. Let k=2 and n=4k+3. Then there exists a family of
C* metrics g, on S", with |g,— ol ks — 0 as ¢ >0, which possess the
following property. For every ¢ small enough, problem (1) on (S”, g.) has a
sequence of solutions vl with |v%|| px(sn = + 00 as i— .

Remark 1.1. Tt is an open problem to find the sharpest condition on n
and k for which the above non-compactness result is true.

The proof of Theorem 1.2 is based on a sharpening of a construction
introduced in [3]; since this paper is the starting point of our work we
discuss it in more detail. There the authors consider on S” a suitable class
of metrics g, = g, + ¢h, perturbations of the standard one, and prove the
existence of two solutions of the Yamabe problem.

Using stereographic coordinates problem (1) for (M, g)=(S", g,) can be
reduced to study

—2¢, dgu+ Ryu=u"*>/=2 in R, u>0. (2)

Here g=g, is the metric with components g;=z,*" g, where
zo: R” > R is given by

1

- - = (4 —1))==2/4
(Tt e ==l

ZO(X) =Ky
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Taking g, = g, + ¢h, it turns out that
gy=0,+ehy, (3)

for some symmetric matrix ;. The Weyl tensor W, of the metric g in (3)
can be expanded in powers of ¢ as Wg=£Wh+o(s), where W, depends
only on 4. The main result of [3] is the following.

THEOREM 1.3. Let n>=6, and let h be of the form
h(x) =1(x) + w(x — xo), (4)

where T, w are of class C*®, with compact support, and with W,_, W, #0.
Then there exists L> 0 such that for |x,| = L there exists &> 0 for which, for
le| <& there exist at least two different solutions u, , and u, , of problem (2).

Coming back to the original problem on S”, Theorem 1.3 implies the
existence of at least two solutions for problem (1) on (S”, g,).

Solutions of (2) can be found as critical points of the functional
f.: E=2%%(R") - R defined as

1 1 .
fe(”):jw <c,,|Vgn|2+2 Rguz—ﬁlul2 >dVg, uekE, (5)

where 2* =21 The positive solutions of f,=0 constitute an (n+ 1)-

dimensional manifold Z given by

Zz{zﬂ,fzﬂ_(n_z)/zzo <x_f> /,[>0, ée Rn} ~ R+ X Rn'
u

Using the implicit function theorem it is shown, see [ 1, 2], that there exists
a manifold Z,, perturbation of Z, which is a natural constraint for f,,
namely if /|2 (u) =0 for some u € Z,, then also f;(u) = 0. In the case of (5)
it turns out that

Slz) =bo+&I(z,) + o(?); bo= fo(zo),

for some I': Z— R. Hence, roughly, critical points of I" give rise, for ¢
small, to solutions of (2). If W0, then I" admits some minima and, when
|xo| is large, I inherits a double well structure: this guarantees the
existence of at least two solutions u,_,, u, , of (2).

In this paper, the above result is extended by showing the existence of
metrics on S”, perturbations of the standard one, for which problem (1)
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possesses infinitely many distinct solutions, which are not bounded in
L*(S"). This is done by considering on R” a metric g = g, =0 + ¢h with

h(x)= ) o,7(x—x,), (6)

ieN

where 7: R” > M”*" is a C* matrix-valued function with compact support,
W, #0, g;eR, and |x;| > + o0 as i —> c0. Using the fact that the metric g
possesses infinitely many “bumps”, we prove that the function f,| inherits
infinitely many local minima provided the points x; are sufficiently far away
one from each other. The last step of the proof of Theorem 1.2 consists in
proving that:

(i) the metric g, gives rise to a C* metric g, on S”;

(i1) for & small, problem (1) for (S” g,) has a sequence of solutions
whose L® norm blows up.

The method we use can be extended to prove some new multiplicity
results. Let us recall that the existence of multiple solutions for the Yamabe
problem has been studied in [10, 17, and 19]. In [10] multiplicity is
obtained under symmetry assumptions while in [ 19] the author considers
the specific case of SY(T)x S”, where S'(T) is the one dimensional circle
of radius 7. He proves that when 7 — + oo, problem (1) possesses an
increasing number of solutions. In [ 17] the author proves that, given any
manifold of dimension greater or equal than 3 and with positive scalar cur-
vature, then, for some suitable C° perturbation of the metric, the solutions
of (1) have a multibump structure.

Our multiplicity results are of two types:

(1) we improve Theorem 1.3 by showing the existence of a non-
minimal third solution, see Theorem 5.1;

(2) in the specific of the sphere S”, we improve the result in [ 17], by
proving the same result for C* perturbations of the standard metric,
provided n >4k + 3, see Theorem 5.2.

The paper is organized as follows. Section 2 contains some preliminaries.
Section 3 deals with the construction of the natural constraint Z, for f,. In
Section 4, Theorem 1.2 is proved, and in Section 5 some related results are
treated. The Appendix contains some technical proofs.

Notation

We denote by E=2"2%R") the completion of C*(R") with respect
to the Dirichlet norm |u|®= g [Vul|?>dx. (u,v) is the standard scalar
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product jw VuVvdx, for u, ve E. Given ue E, the function u*eFE is
defined as

1 X
* __ n
u*(x) X S U <|x|2>’ xeR"

If f e C'(E), we denote by f” or Vf its gradient. We set Crit(f)={xe€E:
f(x ()} If fe CHE), f"(x): E— E is the linear operator defined by
duallty in the following way

(f"(x) v, w)=D*(x)[v, w], Yv, we E.

If x e Crit(f), we denote by m(x, f) the Morse index of f at x, namely the
maximal dimension of a subspace of E on which f” is negative definite. We
also denote by m*(x, f) the extended Morse index, the maximal dimension
of a subspace of £ on which f” is non-positive definite. For all ue E, pe R
and e R" we set u, ,=u~"~22y(*2%). The map = denotes the stereo-
graphic projection 7: S"={xe R"*!': |x| =1} —> R” through the north pole
Py of 8", Py=(0, ..., 0, 1), where we identify R” with {xeR"*':x,,,=0}.
The map #: S — S” is the reflection through the hyperplane {x,,, =0},
ie. for (x',x,,,)eS" it is Z(x', x,,,)=(x', —x,,,). Given a function
v: R" - R, we define v¥%: R” — R in the following way

v¥(x)=v <xz>’ xeR"
|x]

We set &, = {h: R" > M(nxn): hy=h;, Vi, j}. In the following, for brevity,
the pos1t1ve constant C will assurne possibly different values from line to

line.

2. PRELIMINARIES

In this paper we consider metrics on R” possessing “infinitely many
bumps”. In order to describe precisely such metrics we introduce some
notations.

Let 7: R” - R*>*” be a C* matrix-valued function with compact support
with W, #0, see formula (13). For 4 >0, let #, =%, be defined by

Hy = {h: hix)= ) o,;7(x—x,), |x;—x;| >4 diam(supp 1),

ieN

£,y |af|"/2<A}. (7)

i
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We will consider the following class of metrics on R”

gijz(ge)zjzéij‘i‘ghzja (8)
where ¢ is a small parameter and h=h; € #,.

Geometric Preliminaries and Expansion of f,

We recall some formulas given in [ 3] which will be useful for our com-
putations. It will always be understood that the expansions in ¢ below are
uniform for he #,. We denote with g;=0J,+¢h; the coefficients of the
metric ¢ and with g7 the elements of the inverse matrix (g '), The volume
element dV/, of the metric g is

dVy=|g|"? dx=(1+eytr h+&(5(tr h)> — tr(h*)) + o(e?)) dx.  (9)
The Christoffel symbols are given by F;=%[Digkj+ngki—Dkgg] g
The components of the Riemann tensor, the Ricci tensor and the scalar
curvature are given respectively by

R;dj:DiFjl'k_Djri'k—i_Fﬁmr;;lc_rjl'mr;z; Rkj:Rchj; R:Rkjgkj' (10)

The Weyl tensor Wy, is defined by

1
Wijkl=Rijkl_n_2(Rikgjl_Rilgjk+legik_Rjkgil)
+#( )
(n—1)(n—2) gi18i — 8k &it)

For a smooth function u the components of V,u are (V,u)' = g” D;u, so we
have

(Vou)'=Vu(l + O(¢)), (I1)
and moreover

|Voul?=|Vul>—&) h;DuDu+e* Y hyhy; DauDu+o(e?). (12)

i Jj i1

Let R, be the scalar curvature of g. There holds, see [3],

R,(x) =&Ry(x) +&”Ry(x) + 0(e?),
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where
2
=) Dih;—Atrh,
ij
and

R2= _2 Z hk]D?khl]—i_ Z hk]D?lhkj—i_ Z hij]?kh”

k, j, 1 k, j, 1 k, j, 1

+3 Y DihyDihy— Y, DihyDihy+ Y, Dihy Db
k, j, 1 k, j, 1 k, j, 1

_% Z DjhlIDjhkk_% Z Dthlehjk‘
kgl k, j, 1

Similarly we define the tensor W, by
W i = eW, g1 T 0(&). (13)

By formulas (9) and (11) the functionals u—>§ |Vgu|2 dV,, u—»f |u|** dv,
are well defined for ue E and he ;. Moreover, for he 5#,, the supports
of the functions 7(- —x;) are all disjoint, so there holds R, <|e| R,, with
R,eL"*(R"), and |R,|l g uniformly bounded, by the condition
>, lo:/"*<A. Hence also the map u— | R,u*dv, is well defined. In
conclusion the Euler functional f,: E— R

1 1 N
fg(u)zf <c,, |Vgu|2+§ Rguz—ﬁ lu|? >dVg, g=30+¢ch, (14)

is well defined, provided /€ #, and ¢ is sufficiently small. The functional
f. in (14) admits the following expansion

YuekE, fiu) = folu) +eGy(u) + e2G,(u) + o(?),

where

<c |Vu|? — |u|2*>dx

2

1 !
J< ¢, Zh,]DuDu+2R1u +<c |Vu|? — |u|2 >Zrh>dx;

{ Y. hyhy Dy Dju+

i, j, 1

1 1 .
2R2u +<c |Vu|? — |u|2>

1 1 1
x <8 (tr h)z—z tr(h?)) +§ trh <2R1u2—cn§hij D.u Djuﬂ dx.
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We now describe in some detail how problem (1) on S” can be reduced to
problem (2) on R”, and vice versa. The stereographic projection n: S” - R”
induces an isomorphism : H'(S") — E defined by

(1)(x) = zo(x) u(m~Y(x)), ue H(S™), xeR™ (15)

In particular the following relations hold for all u, ve H'(S")

2c, Vzu‘Vlv=J (2¢, Vg u - Vg v+uv) dVyg,,
R 5"

J (lu)z*_llUZJ u? 1.
Rn n

If ¢ is a Riemannian metric on S” the Euler functional J: H(S") —» R
associated to problem (1) is

1 T
J(v)zL <c Vool 45 Rgv® = o [0l >dVg, ve HY(S™).

Using stereographic coordinates on S”, we define the metric g on R” to be

g5(x) =25 ¥ I(x) gy(x) (17)

and, associated to g, the functional /: E— R
= 2, ! R u? ! ) dv, E
f(u)—JRn ¢, |Vyul +5 LU T |u| 2 uek.

The functional J is related to f from the equation
Ju)=f((u)),  ueH'(S™). (18)

From equality (18) one deduces immediately that the functions {1~'z, /}, «
are positive solutions of Jy=0.

Let g5, be the pull back of g through #; see Notation. Then g, gives rise
to the metric

gh(x) 1=z " =D(x)(ga)y (x),  xeR" (19)

It turns out, using straightforward computations, that

1 2x, d
Zg,] x) dx; dx, _5,,+z<g,j< > 5}) <dxi_x,2kxkxk>

x|

X<dxj_2folxldxl>. (20)

|x|?
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Denoting by f/# the functional on E associated to the metric g¥, there holds

flu)=f*u*), ueE. (21)
It is a simple calculation to check that

¢

(Zﬂ,f)*zzﬂ,f’ Wlth /I: é_:m (22)

_H
2 + 52’
Technical Lemmas

We now collect some technical lemmas, proved in the Appendix, which
will be useful in the remainder of the paper.

LEMMA 2.1. Let n=3 and p>0. There exists C>0, depending on p,
such that for all a, be R

la+b|7 < C(|al” +1b]?); (23)

a4 b1 —lal>* — 62" < C(|al>* = 6] + |a] B]*~");

(24)

la+b2 "2 (a+b)—|a|*~2a—|b|*~2b| < C(lal? |b]" + |al” |b]7), (25)

where q=(n+2)*/(2n(n—?2)), and r=(n+2)/2n. Note that r+q=2%,.
Moreover, for n=6

|la+b1>~2—]a|>* 2| <|b|**%  Va,beR. (26)

LemmA 2.2. Let n=3. There exists C >0 such that for all h e #, and for
all \e| sufficiently small there holds

VueFE, Sou) — fo(u) —eGy(u) — e*G,(u)

= o(e?)(lull® + flu]*"); (27)
Vuek, I/ ew) — fo(u) —eGh(u)||

< Ce([lull + [Ju]| 2/ =2)); (28)
VzeZ, 72 < Clel; (29)
Vuek, IS & (u ()| < Clel (14 fuf ¥ =2); (30)

Yu,we E, | f(u+w)— f.(u)|

S C W] (14 [fuf @*2/0=2 4 [+ 2/ =20); (31)
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Vu, we E, || fo(u+w)—fi(u)]

SCw| (14 [Ju] Y02 4 w20, (32)
Yu,we E, |Gi(u+w)—Gi(u)|
SCwl (14 fla] 702 4 [Jw]| ¥ =2)); (33)

Forn=3, 4,5 we have

Yu, we E, If7(u+w)—f7(u)ll

S Cwll (Jluf C=m/=2) 4 || O =V =2) - (34)
For n=6, the last expression becomes

Vu,weE,  |f2utw)— fLw)] < C [w] ¥ =2, (35)

3. REDUCTION OF THE FUNCTIONAL

The aim of this section is to construct the natural constraint Z, for f,.
This will provide the existence of solutions to (2) close to solutions of the
unperturbed problem (36) below. The advantage of our construction
respect to [1] and [2] is that it works uniformly for all 4 € s, and for ¢
sufficiently small.

The Natural Constraint

Our starting point is the following proposition; see [2, 16].

ProrosITION 3.1.  The unperturbed function f, possesses and (n+1)-
dimensional manifold Z of critical points, diffeomorphic to R, x R", given by

7 = {Z”,é :z'u—(n—2)/220 (X—é) ‘ u> 0,¢e€ Rn} ~ R+ x R",
u
namely every element z, . € Z is a solution of

{—20,1 Au=y"+2/r=2) in R (36)

u>0,uck.
Moreover f, satisfies the following properties

(1) folz)=1—A", where A" is a compact operator for every z€ Z;
(1) T,Z=Ker fy(z) for all ze Z.
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From (i)-(ii) it follows that the restriction of fy to (T,Z)* is invertible.
Moreover, denoting by L, its inverse, there exists C >0 such that

ILI<C  forall zeZ. (37)

Through a Lyapunov—Schmidt reduction, using Proposition 3.1, we can
reduce problem (2) to a finite dimensional one.

For brevity, we denote by 7€ E"*! and orthonormal (n+ 1)-tuple in
T.Z=span{D,z, Dz, s Dénz}.

PrOPOSITION 3.2. Let n>=3. Given A >0, there exist ¢,, C> 0, such that
for every he #, there exists a C' function

(w,, o) =(w(e, 2), a(e, 2)): (—&g, &o) X Z — (E, R* 1)

which satisfies

(1) wle, z) is orthogonal to T,Z VzeZ, ie. (w,2)=0;
(1) fiuz+w(e z))=ae z)Z Vze Z;
(i)  [w(e, 2)|| < C e VzeZ.
From (1)—(ii) it follows that

(iv) the manifold Z,={z+wl(e, z)|z€Z} is a natural constraint

for f.,.

Proof. The unknown (w, a) satisfying (i) and (ii) can be implicitly
defined by means of the function H: Zx Ex R"*!'x R — ExR"*!

H(z,w,a, &)= <f'£(z )= O(Z‘>.

(w, 2)
Since every z € Z solves fo(z) =0, it is H(z, 0,0,0)=0 and we can write

0H

H(z,w,a,e) =0©5(W’ p

[w,a]+ R(z,w,a,eg)=0,
(,0,0,0)

where we have set R(z, w, o, &) = H(z, w, &, &) — 5525 (2. 0,0,0) [ W, «]. From
(37) it is easy to check, see [1], that %hz 0,0,0) 18 invertible and there

holds
< oH >_l
AW, 0) (2, 0,0, 0

<C, VzeZ (38)
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Hence we can write

0H
o(w, a)

=F, (w, o).

-1
H(z,w,o,e)=0<(x,0) = — < (z,0,0, 0)> R(z,w, a, &)

We will prove that, for p and ¢ sufficiently small, the map F, (, ) is a con-
traction in some B,={(w,a)e ExR**': |w| + |a| <p}. First we show
that there exists C > 0 such that for all |[(w, a)|, [|[(w’, &')|| < p small enough

IF., o(w, @) | < C(Je] + pmintz 42/ =2}, (39)
| A 39
IF, (W', ') = F. j(w, a) | < C(Je] + p™= 4=y || (w, ) — (w', o) .

By (38), condition (39) is equivalent to the following two inequalities

£z +w) = fo(z)[w]ll

<C(|6| +pmin{2, (n+2)/(n72)}); (40)
1z +w) = fo(2)Iw]) = (folz+w') = fo(z)[w DI
< C(le] + p™= 40 =28 || (w, o) — (W', o). (41)

We now prove (40). Using formulas (29) and (30) we have, since |z| is
bounded

Jelz+w)—fo(z)[w]
=(fdz+w)=12) = f7(DIw]) + f2) + (fi(2) = fo(z)[w]

_j "(z 4+ sw)— £7(z)[w] ds+ O(e) + O(e) |w].

Hence, using (34) and (35), since | z| and ||w| are bounded, we deduce that

1z +w) = F3(2)Iw] | < Cle] + [[w][ i 2/ =28 4 g w]))
C(|8| +pmin{2, (n+2)/(n72)})’

and (40) is proved. We turn now to (41). There holds
I/ z4+w)—fuz4+w)—fi(z)[w—w]|

[ (24wt =) = fi W =] ds

< sup [/ (z+wHs(w —w))— fo(2)] [w —w].
se[0,1]
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Using again formulas (30), (34) and (35) we have that
224"+ 500 =) = F3(2)]| < CJe] + print e2n=21

hence also (41) holds. Now that (39) is proved, if C(|¢| 4 p™n{2 (#+2/(n=2})
and if C(|e| + p™™t-#"=2}) <1, then F, (w,a) is a contraction in B,.
These inequalities are solved, for example, choosing p =2C |¢], for |¢| <g,
with ¢, sufficiently small. Hence we find a unique solution (w,, a,) satis-
fying |(w,, )| <2C |¢|. The fact that the map (w,«) is of class C' is
standard and follows from the Implicit Function Theorem. ||

Expansion of f; z,

By Proposition 3.2-(iv) problem (2) is solved if one finds critical points
of f;| z,. This is done by expanding f,|, in powers of ¢ as stated in Proposi-
tion 3.3 below. We recall that G, and G, denote the coefficients of the
expansion in ¢ of f,(u); see Section 2.

In [3] the following lemma is established.

LemMA 3.1. For all zeZ it is G,(z)=0. Hence G'\(z) L T,Z for all
ze /.

The function w,(z) is estimated in terms of G(z) in the following lemma.

LeEmMMmA 3.2. Let n=6. The following expansion holds
w(e, z) = —eL,G(z) + O(|g| " +2/(n=2)), (42)
Proof. We can write fl(z+w,) =0+ P>+ 5+ (fo(z)[w,.]+eGi(2)),
where
Pri=fz+w,)—folz+w,) —eGi(z+w,);
Ba=folz+w,)—fo(2)[w,];
Pi=¢eG1(z+w,) —eGi(z2).

From (28), since ||z+w,| is uniformly bounded, we have that |f,]|
= O(&?). There holds

1
fa= | (a4 sw) = fi)Dw.] d.

o (35) and (iii) in Proposition 3.2 1mply [B5] = O(|e| " *+2/n=2)) Then,
from (33) it follows also that ||B;]| = O(e?). Hence we deduce that f; +
By + By =O(|g|"+2/n=2) Thus the relation f’(z +w,) = «,Z can be written
as fi(z)[w,] +eGi(z) + O(|e| " +2/"=2)) =4 7. Projecting this equation on
(T,Z)* and applying the operator L_, we obtain (42). |
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We finally furnish the expansion of f, | .

ProrosiTION 3.3. Let n>=6. Given A >0, the following expansion holds,
uniformly in ze Z and in he #,

J{ze(Zu,f+Ws(Zy,§)):b0+82r(lua £)+0(62)9 (43)
where I': R . X R" - R is defined by
F(/l, é) = GZ(Zy, é) - %(LzﬂyéGrl(Zy, .f)a G,l(Zy, é)) (44)

Proof. We can write f,(z+w,) =y, +y,+ 73, where
n=/,42) = dDw], ya=filwetz) = f2) = fU2)w,].
By (27), since G,|, =0, we deduce that
= fo(2) +eG1(2) + &2Gy(2) + 0(e?) = by + 2 Gy(z) + 0(&?).
Turning to y,, from (28), (42) and f{(z) =0 we obtain
= (fo(2), w,) +&(G\(2), w,) + 0(e?) = —eX(L.G\(2), G(2)) + o(&?).

We now estimate y;. We can write
1
7= (i) 1) w) ds
Using (28) we have
1
V3= jo ((fo(z+sw,) = [6(2)) +e(Gi(z + sw,) — G1(2)), w,) ds + o(&?).
Using (33), (35) and ||w,|| < C |¢|, it follows that
1
7= | (ot = fol2). ) ds to(e?)
—J <j olz+tsw,)— fo(z))[sw,] dt> [w,]ds

1 1
+J <J oz [sw,] dt> [w,] ds+o(&?)
0 0
=3 f0(2)[w,, w1+ 0(&).

From the above estimates for y,, y, and y;, we deduce the proposition. ||
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Study of the Function I’

We report here the main properties of the function I, which are obtained
in [3].

ProOPOSITION 3.4. The function I' can be extended to the hyperplane
{u=0} by setting

170, &) =0, (45)
and there holds
Iy, &) >0, as u+|& - + . (46)
If n=6, then
or o*r o’r
a(oaf)=0, $(0,5)=0, $(0,5)=0, VéeR™  (47)
moreover

lim, Lou*Mu,&)=—c0 if W& #0, for n=6;
4
(’;ﬂ{:(o’f)<0 if W,(E)#0, for n>6.

(43)

4. INFINITELY MANY SOLUTIONS

In this section we prove our main result Theorem 1.2. We consider on R”
metrics g of the form (8). Since these metrics possess infinitely many
“bumps”, we expect that the function f,|z inherits infinitely many local
minima when the points x; are sufficiently far away one from each other.

Let /7 be the Euler functional corresponding to the metric g’(x)=
gi(x)=0+¢0,7(x—x;). Since a,7(- —x;)e#,;, the construction of
Proposition 3.2 can be performed also for fi. We denote by Z'={z+
wl|zeZ} the corresponding natural constraint. We will often set for
brevity

A;i=supp (- —x,;);  zhi=z4wi.
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Let I'* denote the function as in (44) associated to the metric J(x) +
et(x). By Proposition 3.4, the function I'* possesses some negative mini-
mum and tends to zero at the boundary of R, x R”. Hence we can find a
compact set K of R, x R” such that

{yeR, xR": I'(y)<imin I'"} =K.

In the following this compact set K will be kept fixed.
If (u,&)e K+ (0, x,), then the functions z, .+ w! satisfies an uniform
decay estimate. This is stated precisely in the following lemma.

Lemma 4.1. Let |¢| <é&y. There exist C>0, R>1 such that for every i
and for every (u, &) e K+ (0, x;) there holds

e 0 () <

z w X)ST (5>

u & e |X—X,-|n72 (49)
) C

|V(Zﬂ,é+WL)| (X)Sm, |x—x,-|>R.

Proof. We can suppose without loss of generality that x;=0 and the
support of 7 is contained in B; ={xeR": |x| <1}.
The function z! satisfies Vf(z!) =a!Z; hence it solves the equation
—2¢, A(z8) — |2 722 = —al A7, in R"\B,.

& &

Performing the transformation (see the Notation for the definition of the
map u — u*)

23(x) > ug(x) 1= p T2 * (ux),
one easily verifies that the function u’ solves
— Auy(x) = lug |2 (x) uy(x) + 1"+ PPq (ux),  inBy,  (50)

where ¢, = —a’(z) A(Z*). Since (u,, &;) belongs to the fixed compact set K,
the norm

I4: |l c3s,) 18 uniformly bounded for (u;, ;) € K. (51)
Moreover, since w' is a continuous function of z, it turns out that
Lo= sup | |VuiP-0,

(&) e K~ By

(52)

Ny= sup f uj|>** -0, as u—0.
(u. &)eK “ By
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Under conditions (50), (51) and (52), the arguments in the proof of
Proposition 1.1 in [13] imply that for some u = pu, sufficiently small it is
Huil\cl(Bl/z)S C uniformly in (¢, ¢;) € K. From this one can easily deduce
that

,. c 1
e(X)SW X2

N

2
for |x|>=—; (u1,¢)€eK,
Mo

which is the first inequality in (49). The second inequality follows in the
same way from the boundedness of Huil\cn(gl/z). |

LEMMA 4.2. There exist C>0, ¢, >0 such that for |¢| <&, there holds
Iw, = will < C |Vfiz +w}) = Vf iz +wi)l. (53)
Proof. Let us consider the function
HZxExR'T' S ExR'TI xR
with components H, € E and H, e R"*! given by
Hi(z,w,a,8)=Vf(z+w +w)—(al+a)?Z,
Hy(z, w, &, &) = (w, Z).
We have

H(z,w, a,¢)=0

[w,a]+ R(z, w,a¢e)=0,
(2,0,0,¢)

< H(z,0,0,¢)+

a(w, a)

where R(z, w, a, &)= H(z, w, a, ¢) — H(z, 0,0, &) — a(?vii)hz, 0.0,¢) LW, ]
It is easy to see that for |¢|] small enough there holds

(Fohonn)
o(w, a) (2,0,0,¢)

H(z,w, o, &) =0<(w,a)=F, .(w, a),

<C Vze Z.

Moreover we have

where

_ o0H
F, .(w,a):=— <8(w D

>_1 (H(z,0,0,¢)+ R(z, w, a, &)).

(2,0,0,¢)
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We claim that the following two estimates hold. For all |(w, )],
l(w', )| < p small enough

IF,, -(w, )| < C[Vf(z +wp) =V i(z+w)
+ Cpln+D/n=2), (54)
1P, 2(w, o) = F, (W', )| S Cp¥" =2 | w" —w. (55)

Let us prove (54). For all (w,x)e B,
IF, .(w, )| < C|H(z,0,0,¢)| + C[R(z, w, a &)|. (56)

We have, using the same arguments of Proposition 3.2,

[w, ]
(2,0,0,¢)

”R_(E, Z, W, a)“ = I—_I(Z’ w, &, 8) _I__I(Za Oa 05 8) -

o(w, a)
=||Vfz+wi+w)=Vf(z+wl)— D (z+w)[w]|

< C HWH (n+2)/(n72)'

Since H(z, 0,0, &) = Vf,(z + w)) — Vfi(z + w?), (54) follows from (56). Let us
turn to (55). For all (w, a), (v, &') € B, it is

”Fs,z(m;) 0() _Fe,z(wla O(,)H
~ < i
—\o(w, a)

Jl () (z+wi+w +s(w—w))—(f,)" (z+w?)ds
0

>_1 (R(z, w,a, &) — R(z, W', o, €))

(2,0,0,¢)

<C " —wl|

<Cp*" 2w —wl,

so (55) holds true. Now, arguing as in Proposition 3.2, we deduce that
there exists a unique (w?, a?) such that
(i) (wp.2)=0;
(i) Vi(z+wi+wP)=(al+aP)z;
(iii) WP < C||Vf(z +wh) = Vfi(z+wi)| for ¢ sufficiently small.

The couple (w! + w?, ol +aP) satisfies (i)—(iv) in Proposition 3.2; hence
by uniqueness it must be w,=w’ +w?. By (iii), inequality (53) follows. [

In the next lemma we estimate the quantity ||Vf,(z%)— Vfi(z%)| with
respect to ¢, {o;};, and {x,};.
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Lemma 4.3. There exist C>0, L, >0 such that if |x; —x;| =L, for all
i#i, then

J;

IV iz e+ wi2) =V Az e F WOl < Clel X (57)

iy

|xl ) "2
Jor all (u, &) e (0, x; )+ K.

Proof. Since the metric g% is flat on A, for i # iy, for ve E there holds
[(Vf(zi0) = Vf 2(z)0), v)|

. . ey
Y L 2¢,Vozlo Voo + R zlov—|z00|*" 72 Zov dV,

itig i

-y L 2¢, Vzio . Vo —|z0| 2 =2 zhp dx|.

i#i, i

Using the Holder inequality on each A; we get
[(Vfi(z30) = Vf2(z30), v)

<Clel X JiJ V201 Vol +|z2] [ol +1z212" " [v] dx.

i*ig 4;

By Lemma 4.1 we know that for (x, £)€(0, x; ) + K

C
2 <
0
. C
[Vzio(x)| <7|x—x = for |x—xi0| >R.

Hence we deduce, using the Holder and the Sobolev inequalities, if
|x;,—X;| = Ly, i #ip, with L, > R, there holds

|(Vfi(zlo) = Vfio(zl0), v)]
1 1 1
<Clel o] Y, ai<| + |n_2+ >

itig xi_xi0|n_l |lx; — x; |xi_xi0|n+2

This concludes the proof. ||

In the next proposition we compare f;|z with the reduced function
f%|, corresponding to one-bump metrics.
& io



THE YAMABE PROBLEM 229

ProrosiTiON 4.1. Set

QiO = f;;‘(z,u, I + Wa) —in(Z”’ 14 + WZO)

Then, if |x; —x;| = Ly for all i iy, for all (1, <) € (0, x;)+ K and for all
le| <&, there holds

1 (n—2)/n
10| < C el < > ,,> : (58)
i#i | i i0|
Proof. We have by (31), (53) and (57)
10s,| = 1folz +w,) — f2(270)]

SISz +we) = flz +w)l + 1 fi(230) — f2(z20)]

SClw,—wpll +11z0) — f2(z0)]

SCIVLz2) = Vf 2(z0)| + | fi(z20) = f2(z0)]

<Clel ¥ ﬁﬂfg( z0) = S 2zl (39)

i#i,
Arguing as in Lemma 4.3 we deduce

[folz2) = [z = X f Cn [Vo(20)[2 + Ry(z0)? —*IZ")IZ*dV

i#1i, A;

1 i *
=Y [ e VG- g5 = d

t;éto i

<Cle| Y o j Z0)2 4 |20 4 |20 dbx.

i#ig

Then, using the fact that |x;—x; | >L,,
| f(z20) = fio(z00)]

1 1 1
<Cle g, + + )
<Clel Z 1<|xi_xi0 =D |xi_xi0|2(n_2) |xi_xi0|2n>

iy

The last inequality and (59) imply that |Q; | < Clel 3., 0:/|x;—x; |2
Applying the Holder inequality and taking into account that 3, |o,|"? < 4,
(58) follows. |
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LeEMMA 4.4. Let o> 1, y>1. There exists a constant C>0 depending
only on o and 7y, such that

| 1
2 i —ap ™ S
i#iy 0 0

i0—>+OO.

Proof. For i, large enough there holds

Z 1 j(io_l) dx
e T N e

)

i>i,

1 jw dx
li*—igl” gy (x*—ig)”

Hence we are reduced to estimate the above two integrals. Let us start with
the first one: using the change of variables i, y = x, we deduce that

J(irl) dx ) Jlf(l/w dy
_dx . Ay
o (ig—x7 %o (1 — y*)

1 jl — (1/ig) dy

iyt (=

Since (1 — p*)”~ C(1— y)?, for y close to 1 it follows that [§ =/ dy/(1— y*)”
~Ci3~'. Hence it turns out that [§o=Y dx/(i§—x*)" ~ C(1/i§~ 7). An
analogous estimate holds for the other integral j(‘fo +1y dx/(x*—1ig)". This
concludes the proof. ||

4.1. Proof of Theorem 1.2

Existence of infinitely many solutions. Fix ae R"” with |a| =1, and let &
be of the form (6) with ¢;=i~# and x,= Di*a. We choose

Co

n—2)>

_ o—(4k+1)
le|

D a>4k+1; 2ok <p <20k + > ,

(60)

where C, is a constant to be fixed later. With the above choice of g, there
holds > ;5% |o;|"* < + 0, since f>1>2. Since also a>1, we have
inf, . ; |x;—x;| >4 diam(supp 7) for i, j large enough. Hence, if we take
o,;=0 for i sufficiently small, then / belongs to .

From the expansion in (43) we know that

fz2)=bo+ e ™ 70w, &) +o(07), 0=z, + Wy,
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and so f|, attains absolute minimum in a point Zlo =z, z+wl with
(4, &) e (0, x;)) + K. Moreover there exists a smooth open set U< K such
that for o, sufficiently small

min iz, o+ wi) = f0(E0) >4 d.02 % d.=|min 7| (61)
(. &edU 0

We assume i, to be so large that min,,; |x; —x;|>L,, so (58) holds.
Hence we have that
1 (n—2)/n
=

|i

Cle
@4\(nn<z

i#i
So, by Lemma 4.4, for i, sufficiently large there holds

C el 1
10, <D(n_z) D=2 (62)

By our choice of g; and by (61), in order to find for ¢ small a minimum
of f, |z, near Zpo, it is sufficient that

0| <gdeio ™ || (63)

Taking into account (62), inequality (63) is satisfied, for i, large enough,
when D= C,/(|¢|V"~?), C, is sufficiently large, and

(a—1)(n—2)=2p. (64)

We have then proved that if (64) holds, then for all i, large enough and ¢
small enough f,(z, -+ w,) attains a mmlmum (A, €i,) € (0, x;)) + K. Hence
there are infinitely many distinct solutions v’ of (1) on (S”, g,).

Regularity of the metrics. Now we want to determine the regularity of
g, on S” Clearly g, is of class C* on S"\P,. Moreover, the regularity of
g. at Py is the same of (g,), at the south pole Pg and so, recalling
formula (19), it is the same of g¥ in 0. From Eq. (20), it follows that the
functions gz(x) are of the form

<) %+2AW<|Q@HC>—@J, (65)

where 4, are smooth angular functions. Set N P=(g’)*— | c+. Since
(g2)* — 0 has support in A:={xeR": x/|x|*€ 4,}, and since diam(A’) ~
|x;| 2, one can easily check from (65) that N’ can be estimated as

N < C |8| |0_i| |xi|2k< C |£|1—(2k/(n—2)) Z'Z“k_ﬁ.
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Let gz ,; be the metric constituted by the first j bumps of 2%, Hence, since
all the bumps of g# have disjoint support, there holds

Hgf,j_ gil” Cck(Rr™) < sup N;
i=j+1,.,1

<Cle|l—@m=2) gy kb, j<l.
i=j+1 .l

So, if 2ak — § <0, the sequence gﬁ , is Cauchy in Ck(B,), and hence g, is

also of class C*. If moreover there holds 1 — ;25 >0, then |g, — &ol cx = 0

when ¢ — 0. The three inequalities we are requiring, namely (64) and

p>2ak, n—2>2k

are satisfied with n >4k + 3 and our choices in (60). We have proved that
g, are of class C* and that ||g,— g, | cksm tends to 0 as ¢ tends to 0.

Since the solutions u’ of (2) are close in E to some Zg. & with (4, E)e
(0, x;) + K, the solutions vi=1""u’ of (1) on S are close in H'(S") to
17"z, z. From the fact that the functions :~'z, ¢ blow-up at Py as
i— 400, one can deduce that [vl| wsm — +00 as i— +oco. Standard
regularity arguments, see [9], imply that the weak solutions v; are indeed
of class C* on S”. From the fact that [[v) —17"'z; ¢ || (s is small and from
the maximum principle, it is also easy to check that the solutions we find
are positive. This concludes the proof.

5. FURTHER RESULTS

In this section we prove some multiplicity results, which are conse-
quences of the method applied above.

We consider on S” a smooth bilinear and symmetric form 4, and the
metric &= g, given by

g,=go+eh. (66)

Let g be the metric on R” associated to g by formula (17). Using the
isometry z, it is possible to prove that the Euler function f,: E— R corre-
sponding to g is well defined, and one can repeat all the arguments of
Section 3. Let again Z,= {z+w,} denote the natural constraint for f;: to
study f, |z, for brevity we define ¢ (i, £): R* xR" —> R as

(pa(:ua é) = f;z(zy, 4 + Ws(z,u, -f))

We have the following proposition, proved in the Appendix.
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PROPOSITION 5.1.  Suppose n>=3. Let h be a smooth bilinear and sym-
metric from on S", and for ¢ small, let g, be given by (66). Then @, can be
extended by continuity to {yt=0} by setting

(ps(os f):b09 éERn' (67)

Moreover there holds

lim (1, &) =bo. (68)

p+El =+

As a first application of Proposition 5.1 we improve Theorem 1.3.

THEOREM 5.1.  Under the same assumptions of Theorem 1.3 there exist L,
&> 0 such that, for |xo| = L and for |e| <&, problem (2) admits a third solu-
tion us ,. In the non-degenerate case this solution has Morse index
m(us ., f,) =2, or in general extended Morse index m*(u;, ,, f,) =2.

Proof. In [3] it is proved that for |x,| > L large enough and for |¢| < ¢
small enough, ¢, possesses two points ey, e; of local minimum with
@.leo), p(e;) <by. These minima give rise to two solutions u, , and u, , of
problem (2). Now three cases can occur. The first one is that SUPR, xR P
>b,, the second is that ¢,<b, and ¢, (u, &)=b, for some (u,¢)e
R, xR" and the third case is that ¢ (u, &) <b, for all (i, &) e R, x R". In
the first two cases ¢, possesses an interior maximum, while in the third
case, by the mountain pass Theorem, there exists a critical level ¢*>
max{@,(eg), @ (e;)}, ¢®<by. In each case there is a third solution u; , to
problem (2). In the non-degenerate case we show that m(u, ., f,) = 2.

The operator f(u; ,) is negative definite on the one-dimensional sub-
space {tus ,, t€ R}, so there it is m(u; ,, f,) = 1. Suppose by contradiction
that m(u; ., f,) = 1.Then, since we are in the non-degenerate case, /7 (u; ,)
would be positive definite on the finite dimensional space TMMZS, and u; ,
would be a strict minimum for f, |7 . Clearly this is a contradiction when
Uz, , is an interior maximum. When u, , is a mountain pass critical point,
the result follows from [11]. In the degenerate case, the same argument
shows that m™*(us ,, f,)=2. |

Remark 5.1. As a byproduct of Proposition 5.1, we can immediately
deduce that ¢, possesses a critical point, and hence problem (1) admits a
solution for g = g,. We point out that, in the present very specific situation,
we do not need to distinguish between different dimensions and between
the locally conformally flat or non-locally conformally flat case.

Our last result deals with the existence of multibump solutions as in
[17]. Given an integer />0, and /-bump solution of (1) is a function u
satisfying (1) and such that u~37_,z, .
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THEOREM 5.2. For all integers £ >0, there exists ey >0 such that for all
e with 0<e<e,, there exists a metric g, on S" for which problem (1)
possesses {-bump solutions. If k=2 and n>4k + 3 then g, can be chosen in
such a way that g, — goll cxsm — 0 as e — 0.

For the sake of brevity we will only outline the main steps of the
arguments, referring to [ 15] for more details and complete proofs.

Step 1. We fix /e N and we take x,, ..., x, € R” and g, of the form
2
g(x)=0,+¢ ) t(x—ux,), in R".
i=1
The multibump solution is found near the following set of functions
Z'={zy+ - +z,:z,€Z},

obtained by “gluing” together / elements of Z. We show that

/)] = O(mjx v, — x| 7DD 2y e Z”
i#j

Step 2. Following the arguments of [7], we use the last estimate to
prove the existence of a manifold

Zi={z+w:zeZ’},  |wl=0(fA2)),

which is a natural constraint for f,. Moreover, if turns out that

¢
flz+w)=lbo+e* Y I(z,)+R,

i=1
where

|R| = O(e max |x; —x;| ~(#*+2=2/2m 4 g2) (69)
i

Step 3. Each of the functions /7z;) attains a minimum at z;=z, . with
u; bounded above and below, and with &, close to x;. By means of Eq. (69),
we prove that, if we choose max,,;|x;—x;|~"~? ~¢? these minima
persist, and we find a critical point of f, on Z. Furthermore, the metric g,
gives rise to a metric g, on S” with g, — g, in C*.
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6. APPENDIX

Proof of Technical Lemmas

Proof of Lemma 2.1. Equation (23) is a trivial consequence of the sub-
additivity of the function 7— [f|? for 0 <p <1, and of the convexity of
t— |t|? for p>1. When n>=6, then the number 2*—2=(n4f2) is greater
than 0 and smaller or equal to 1, so Eq. (26) is also a consequence of the
subadditivity of ¢ — |¢|?, with 0 <p < 1. Turning to (25) it is sufficient, by
homogeneity, to prove that for every € R there holds

[[1+427 (1) —[e]2~ e — 1] < C(Je]" + |2]9). (70)

Equation (70) is satisfied near r=0 for every C>0, since 0 <r<1. At
infinity, the left-hand side goes to + oo as |¢|? !, while the right hand side
goes to + oo as |7]9, since g >r. Moreover p—1<gq, so (70) holds for C
sufficiently large and for all 7. Inequality (24) can be obtained reasoning in
the same way. ||

Proof of Lemma?2.2. We start proving (35). Given two functions v,,
v, € E, there holds

|(f 2 (utw) = 1)y, v, ]|

=(2*—1) “(Iu—i—w|2*2— [ul** =) v, 0, dV,

<(2*=1)(1+0(e)) U [l w12 =2 = [u]*=2] o, | o] dx

Using the Holder and the Sobolev inequalities we deduce that

[ w2 =2 = =2 o] o, dx

2/n
*_ *_ /2
<c([ Tt w2127 ) o .

For n>6, using inequality (26) with a=u(x), b=w(x), we deduce that
[+ w|? =2 = u?" 2| < C |w|*", so (35) holds.

We now prove (30). Taking into account formulas (9) and (11), we have
that

Je)lvy, v,] = J (Voy - Voo(1 4 O(e)) + Ryvyva — (2% — 1) |u[** 72 v,0,)

x dx(1+ O(e)).
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From the Holder and the Sobolev inequalities, and using the fact that the
support of R, is compact, it follows that

(f2() = f3(u))[ vy, v:]=O0(e)(1 + O(e) + [ul ¥ =2) [vy | [Jvall,

and (30) is proved.
Let us turn to (32). For every ve E there holds

(filu+w)—fi(u),v)= J (2¢, Vgw - Voo + Rowu

+lu+w> "2 (u+w)v—|ul* " w)dv,.

(71)
This implies that
I/ u+w)— fu)ll<O(1) w] (1+ O(e))
+ <J [l +w|?* =2 (u4w)—|u|* 2 u|2n/(n+2)>(n+2)/2n (14 0(e)).
Since

1
lu+w|? =2 (u+w)— |u|* "2u=(2%— l)j lu+ sw|2* =2 wds,
0

setting y(x)=(2*—1) [g [u+sw|>* ~2ds, we have |u+w|*" "> (u+w)—
|u|?* =2 u= y(x) w(x). Hence there holds

2% _2 ox_p | 20f(n+2) (n+2)/2n » 2n
(] e w22 ) = 2 <cil ()"

Using again the Holder inequality, we have that |y| <({§ |u+ sw|>" ds)*".

So from the Fubini theorem
1 1
"2 dx < ‘ u+sw|? ds|dx= < u—i—swz*dx>ds
|1y J | tet s J, (] tet-sw

< sup futswl3i,
se[0,1]

Taking into account the Sobolev inequality, it turns out that, by (23),

2/n
<f|y|”/2> < sup Ju+swl|¥TD K C(Jlul YD 4 w0 2),
s€[0,1]

In conclusion we obtain (32).
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We now prove (28). Given v e E, we have

(f'(u), u)=f(2cn V,u-V,v+ Ryuv— |u|?* =2 uv) dV,

o
Taking into account formulas (9) and (11), we deduce

(fi(u), v) =J <2€,, Vu-Vo—e¢) h;DuD;v+ O(e?) |Vul |Vu|
i

+eRuv + O(&?) |u| |v] — |ul** 2 uv> (1+3etrh+ O(e?)) dx.

Expanding the last expression in &, and O(e?), and using again the Holder
and the Sobolev inequality, we obtain (28). Formulas (27), (29), (31), (33)
and (34) can be obtained with similar computations. |

Proof of Proposition5.1. Let f°: E—R be the Euler functional (5)
corresponding to the metric g(x) = g(dx), 6 > 0. For all ue E there holds

S2u)=f(67""2Pu(6~"x)) = f,(us,0) (72)
and inversely
Sou) = [0 =2 u(dx)).

The map T;: E— E defined by Ts(u) :=us o is a linear isometry and by
(72) /% is nothing but f%(u) = f, o Ts. In particular for all ue E it is

Vi) =T, Vf AT 5 'u). (73)

Since /¢ is related to f, by the isometry T, one can apply without changes
the construction of Section 3 to /2. Hence there exists w’ e(TzOZ)l such
that

Vidzo+w))eT, Z.

Since Vfy(zs50+W25,0)) € T.5 ¢0Z by uniqueness and by (73) it turns out
that

wo(x) =32y (25 4)(9x). (74)

We consider also the functional

; L e
fou)= fw <cn Y. 8%(0) Dyu Dy =5 lul® > dV g0
LJj
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which corresponds to the metric in R” which is identically equal to g(0).
With respect to some orthonormal system of coordinates the symmetric
matrix g%(0) has the diagonal form (4, .., 4,), where for brevity we have
omitted the dependence of 4; on &. We note that the numbers /; are positive
since g7(0) is close to the identity matrix.

Since f is a perturbation of f,, reasoning as above we find an unique
wi e (T, Z)* satisfying Vf(zo+w])e T, Z. We note that, by symmetry
reasons, w? must be an even function in R”. In the next Lemma we prove
some further properties of w?. Define

Zo(x)=2 <x1 all >
ol X)=2Zo | 7= s —= |
;bl A/n

LEMMA 6.1.  The function w° satisfies Vf°(zo+w?)=0. Moreover there
holds

wl=T,20—zy,  forsomeu>0, and [ozo+w?)=Db,.

Proof. The functional f? is invariant under the transformations u —
u, e for all x>0 and £eR" From this fact one can deduce that
S Uz, e+ w2, ) is independent of u, & Hence, by Proposition 3.2(iv), the
points z,, 5+w2(zﬂ, o) are all critical for f?, and in particular it is
V/O(zo+ w0) =0.

The positive solutions u of Vf%u)=0 can be completely classified. In
fact, using the coordinates introduced above, a critical point u of /0 is a
solution of the problem

1 D2y — g2 1
—2¢,Y Ay Dju=u>"""', uekE.
i

Using the change of variables x;=4,y;, and taking into account that the
only solutions of —Au=u*""" are of the form z, ., one can deduce that
zo+w)=T,Z,, for some x>0 (here we have used the fact that w must be
an even function).

Now we prove that %(zo+ w?) =b,: in fact there holds

fg(TﬂZO) =fg(50)

" > \IT,2,, " dx.

1 1 . X X
:J‘<ani:/“iii|DiZO|2_2*|ZO|2><\/}79"'9\/}:

Using again the change of variables x;=4,y;, we obtain the result. The
proof of the Lemma is complete. ||
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Proof of Proposition 5.1.  For all ue E there holds

lim [V () = V7 2(w)| =0; (75)
lim /2(u) = £ 2(u) (76)

Equations (75) and (76) are easy to verify, for example starting with u e
CZ(R") and proceeding by density. Furthermore, arguing as in Lemma 4.2,
one can deduce that for some C>0 it is [wé—w?||<C|Vfo(Z,) —
VI%Z,)| = C |Vf2(Z,)|. Hence by (75), applied with u= T,Z,, and by
Lemma 6.1, it turns out that
wl >wl=2—z, as 5—0. (77)
Using (72) and (73) we deduce that
(pe(57 O) = .fe(zé, 0 + M}E(Z&, 0)) = ff(ZO + Wf)
We can write
ff(zo + Wg) —fzo+wp)

=(f2zo+w)) = [2Azo+ WD) + (220 + W) — [ (20 + 7).

There holds
FAzo+wd) = fAzo+w)) = filz50+ Tswl) — filz50+ Tswy),

and from (31) it follows that

|fuzs,0 4 Tswd) — ful 25,0+ Tswd)| < C | Tswl — Tsw|.
By (77), since Ty is an isometry, it is f(zo + w?) — f(zo + w?) > 0 as § - 0.
From (76) we deduce that also f2(zo+w?)— f%zo+w?) >0 as J—0.

Hence f2(zg+w?) — f%(zo+w?) >0 as 6 - 0. By means of the last com-
putations we have proved that

lim ¢,(9, &) = b,, ¢=0. (78)
0—-0

Actually the above reasoning can be performed uniformly if & varies in a
fixed compact set of R”; this implies (67). Equation (68) can be proved
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using the Kelvin transform. In fact, since the same computations can be
repeated in the same way for /%, one has, by formula (22)

lim  ¢,u &)= lim ¢¥a &)=0.

u+Iel—> + o (“, &) -0

This concludes the proof. ||
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